Cosmology: Part I
Asaf Pe’er!

June 12, 2019

This part of the course is based on Refs. [1], [2] and [3].

1. Introduction: the cosmological principle

We are now going to apply Einstein’s equation to study the metric of the entire universe.
The ability to study global properties such as the structure and temporal evolution of the
universe on the largest scale opened a new branch of science, known as cosmology.

Modern day cosmology is based on the hypothesis that on a large enough scale the
universe is spatially homogeneous and isotropic. Together, these two assumptions are
known as the cosmological principle. By homogeneity we mean that the properties of
the universe are the same at every point in space; the universe is invariant under translations.
By isotropy we mean that being in a given point, in every direction we look at, the properties
of the universe look the same; the universe is invariant under rotations.

The roots of this idea lie in the Copernican principle, which states that the earth is
not in a central, specially favored position.

Clearly, the idea that the universe is homogeneous and isotropic seem to be incorrect:
when looking to the right and to the left (or here and at the center of the sun), the conditions
are obviously not similar, and the universe is thus not homogeneous and isotropic; however,
we believe it is so on the very largest scale.

The validity of the cosmological principle on the largest scales is manifested in a number
of different observations, such as (i) number counts of galaxies and (ii) observations of diffuse
X-ray and y-ray backgrounds. It is most clear in the (iii) 2.7°K microwave background
radiation. Although we now know that the microwave background is not perfectly smooth
(and nobody ever expected that it was), the deviations from regularity are on the order of
107° or less, certainly an adequate basis for an approximate description of spacetime on large
scales.

From a formal mathematical definition, by homogeneity we mean that given any two
points p and ¢ in a manifold M, there is an isometry which takes p into q. Note that a metric
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can be isotropic but not homogeneous (such as a cone, which is isotropic around its vertex
but certainly not homogeneous), or homogeneous but nowhere isotropic (such as R x S? in
the usual metric).

On the other hand, if a space is isotropic everywhere then it is homogeneous. Likewise,
if it is isotropic around one point and also homogeneous, it will be isotropic around every
point. Since there is ample observational evidence for isotropy, and the Copernican principle
would have us believe that we are not the center of the universe and therefore observers
elsewhere should also observe isotropy, we will henceforth assume both homogeneity and
isotropy. A space that is both homogeneous and isotropic is a mazimally symmetric space.

There is one catch. When we look at distant galaxies, they appear to be receding from
us; the universe is apparently not static, but changing with time. Therefore the idea that the
universe is homogeneous and isotropic, apply only to the spatial part of space-time, which
is a sub-space of the 4-dimensional space-time.

Thus, while I could introduce directly the corresponding metric (which is known as
the Robertson-Walker metric), for mathematical completeness let us discuss first some
mathematical properties of maximally symmetric spaces, and then apply them to introduce
the metric.

2. Maximally symmetric spaces

Formally, a maximally symmetric space is a space which possesses the largest pos-
sible number of Killing vectors. On an n-dimensional manifold this number is n(n + 1)/2.
While T will not prove this statement below, it is easy to understand at an informal level.
Consider the Euclidean space R", where the isometries are well known to us: translations
and rotations. In general there will be n translations, one for each direction we can move.
There will also be n(n — 1)/2 rotations; for each of n dimensions there are n — 1 directions
in which we can rotate it, but we must divide by two to prevent overcounting (rotating z
into y and rotating y into x are two versions of the same thing). We therefore have

nn—1) nn+1)

n—+ 5 = 5 (1)

independent Killing vectors. The same kind of counting argument applies to maximally

symmetric spaces with curvature (such as spheres) or a non-Euclidean signature (such as
Minkowski space), although the details are marginally different.

Note that in n > 2 dimensions, there can be more Killing vectors than dimensions. This
is because a set of Killing vector fields can be linearly independent, even though at any one
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point on the manifold the vectors at that point are linearly dependent. It is trivial to show
(so you should do it yourself) that a linear combination of Killing vectors with constant
coefficients is still a Killing vector (in which case the linear combination does not count as
an independent Killing vector), but this is not necessarily true with coefficients which vary
over the manifold.

2.1. A few more algebraic properties of Killing vectors

Let us return in this sub-section to discuss general properties of Killing vectors, to be
used later in the study of maximally symmetric spaces.

Recall that Killing vectors satisfy Killing conditions,
Ka;p + Kp;a = 0. (2>
From the definition of the curvature tensor, we have
Ka;p;u - Kom;p = _R/\opuKA- (3)

(Recall that Equation 3 is true by the definition / construction of the curvature tensor for
any general vector V,, and thus it is clearly true for V, = K,; see the chapter on “curvature”,
Equation 12). Using the cyclic sum rule of the curvature tensor,

Rkapu + R/\Wﬂ + R/\p;w =0, (4)
in Equation 3, we find that any vector (not necessarily a Killing vector !) K, satisfies
Ka;p;u - Kv;u;p + Ku;a;p o Ku;p;o + Kp;u;a o Kp;o';u = 0. (5)
Using now the Killing condition (Equation 2) in Equation 5, we get
K, Ko;u;p - Ku;p;a =0, (6)

IV
from which the commutator of the two covariant derivatives in Equation 3 becomes

A
Kypo = =R gpudSi. (7)

Using again the definition of the curvature tensor, we can write the commutator of the two
covariant derivatives (again, from the definition of the curvature tensor, Equation 11 there):

A A
Kp;u;o;l/ - Kp;u;l/;cr =-R pavKA;u - R uUVKp;X (8)
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In order for Equation 7 to fulfill the condition set in Equation 8, it is required that
R/\OWKA;V - R)\VPHK)\KT + (R)\Gpu;v - R)\Vpu;o) K\ = —R)‘pg,,K)\;# - R)\/MTVKP;)\ (9)

(we basically took the derivative of Equation 7 and plugged it in, while replacing u <+ p and
o <> v). When using again the Killing condition (Equation 2, K., + K,,,) we find that

(_R/\pfwéz + R/\;wvég - R/\Upuézlj + R/\Vpufsg) K/\;n = (R/\cfp#;u - R/\Vpu;o) Ky (10)

Armed with this, let us look at maximally symmetric spaces.

2.2. Killing vectors in maximally symmetric spaces

A maximally symmetric space is both homogeneous and isotropic.

Consider a point X in a homogeneous space. The homogeneity of space implies that
the metric must admit Killing vectors that take all possible values of X, namely at a given
point in space there is a Killing vector in the direction of any other point. In n-dimensional
space, there are thus n such independent Killing vectors.

The space is also isotropic at X; Thus, the infinitesimal isometries (coordinate change
o = 2" 4 eK*) leave the point X fixed, namely K*(X) = 0, and at the same time the first
derivative K, (X) takes any value - subject only to the antisymmetry condition set by the
Killing equation (equation 2) [Think of rotation around a given point. The Killing vector
associated with it will be zero at the origin]. Combined with the homogeneity condition,
this implies that K, = K, (X) is an arbitrary antisymmetric matrix, and therefore in n
dimensions there are n(n — 1)/2 independent such Killing vectors.

We can now use the conditions that in a maximally symmetric space K, = 0 and
Ky, = —K,. in Equation 10, to find that the coefficient of K., must have a vanishing
antisymmetric part, namely

(_R/\pUV‘SZ"‘R)\Wvé;_R)\Upu(slzj"‘R)\Vpuég) = (‘Rnpavéﬁ"‘Rﬁwvé,;\_Rﬂapuéli\"‘Rﬂvwdg) (11)
We next contract x and p to get
_nR)\po'l/ + R)\pau - R/\o'pu + R/\upa' = _R)\pal/ + Rffpéli\ - RVP(SQ (12)

where we have used the facts that R¥,,, = 0, —R",,. = R,,, and in n dimensions J; = n.

opy

We use now the cyclic sum rule (Equation 4) so that the last 3 terms in the left hand
side are equal to 0. Further multiply by g\., Equation 12 becomes

(n - 1)ROéPO'V - Rl/pgaa - Ro‘pgay (13)
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(I switched the order of the last two terms in Equation 12 - the last term on the right hand
side pf Equation 12 becomes the first term on the right hand side of Equation 13, and the
one before last became the last).

Due to the symmetry properties of the metric tensor, this must be symmetric with
respect to exchange of o and p, and so

Rupgaa - Rapgow - Ryagpo + Raoagpw (14)
Multiplying by ¢°* and contracting A with v, we find
R,y —nRyp = —R \gop + Rpo- (15)

The Ricci tensor thus takes the form

1
R,, = Egopr (16)

and using Equation 13 we can write the Riemann tensor as

R,
R)\pcrl/ = m (glfpg)\cr - gapg)\l/> . (17)

As a final step, we note that in a space that is isotropic everywhere, Equation 16 holds
at every point. In this case, we can use the Bianchi identity (Equation 36 in “curvature”,
VHG, = V*(R, — 5Rgu) = 0) with Equation 16 to write

1 1 1
0=[R7,— =07RN]o = (= — = | (R 18
7, - gl = (5 5) () (18)
This result implies that if n > 2 (namely, in 3 or more dimensions) that R*\ is constant in
space. It is thus convenient to introduce the curvature constant k by R*y = n(n — 1)k, and
write equation 17 as

R)\pou =k (gzng)\a - gapg)\u) (19>

3. The Robertson-Walker metric

Armed with Equation 19, we can return now to the construction of a cosmological model.
Our model will consider the idea that the universe is homogeneous and isotropic in space,
but not in time.

We therefore consider our spacetime to be R x X, where R represents the time direction
and ¥ is a homogeneous and isotropic three-manifold. The usefulness of homogeneity and
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isotropy is that they imply that ¥ must be a maximally symmetric space. This is a direct
consequence of the homogeneity and isotropy assumption. The metric thus takes the form

ds® = —dt* + a*(t)g;;(z)dx'da’ . (20)

Here ¢ is the timelike coordinate, and (', 2%, 23) are the coordinates on X; g;; is the maxi-

mally symmetric metric on .

The function a(t) is known as the scale factor, and it tells us “how big” the spacelike
slice ¥ is at the moment ¢. The coordinates used here, in which the metric is free of cross
terms dtdaz’ and the spacelike components are proportional to a single function of ¢, are
known as comoving coordinates, and an observer who stays at constant 2° is also called
“comoving”. Only a comoving observer will think that the universe looks isotropic; in fact
on Earth we are not quite comoving, and as a result we see a dipole anisotropy in the cosmic
microwave background as a result of the conventional Doppler effect.

We can now write Equation 19 as
O Riju = k(gingji — gugse) (21)

where we put a superscript ® on the Riemann tensor to remind us that it is associated with
the three-metric g;;, not the metric of the entire spacetime. The Ricci tensor is then

G Ry = (n— kg = 2kgy . (22)
(where n = 3 dimensions).

If the space is to be maximally symmetric, then it will certainly be spherically symmetric.
We already know something about spherically symmetric spaces from our exploration of the
Schwarzschild solution; the metric can be put in the form

do® = gda’ da? = e dr? + 12(d6* 4 sin® 0 dp?) . (23)

The components of the Ricci tensor for such a metric can be obtained from our cal-
culation of the Schwarzschild metric, where we calculated the Ricci tensor for a spherically
symmetric spacetime. By setting a = 0 and 0y5 = 0 in Equations 14 in the “Schwarzschild”
chapter, we get

@Ry = 20,8
G Ry = e 2(royf—1)+1 (24)
G Ry = [eP(royf—1)+1]sin?8 .

We set these proportional to the metric using Equation 22, and can solve for §(r):

Rll - % rﬁ - 2]{;911 = 2/{;625(T)

2
Ryy = e 22(r0,8 — 1) + 1 = 2kgyy = 2kr? (25)
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by simple algebra, one can eliminate 0,5 and obtain
1 2
Bz—éln(l—kr ). (26)

This gives us the following metric on spacetime:

2

1 — kr?

ds? = —dt* + a*(t) + 72(d6? +sin? 0 d¢?) | . (27)

This is the Robertson-Walker metric. Note that we have not yet made use of Einstein’s
equations; those will determine the behavior of the scale factor a(t).

Furthermore, we can substitute

ko — %
r = \/|k|r (28)
a — 2

Ikl

and leave Equation 27 invariant. Therefore the only relevant parameter is k/|k|, and there
are three cases of interest: k = —1, £k = 0, and £k = +1. The k = —1 case corresponds
to constant negative curvature on X, and is called open; the k£ = 0 case corresponds to no
curvature on %, and is called flat; the £k = 41 case corresponds to positive curvature on X,
and is called closed.

Let us have a closer look at the three cases.

1. For the flat case &£ = 0 the metric on X is

do? = dr?+ r2dQ?

2
= da? +dy? + d2?, (29)

which is simply flat Euclidean space. Globally, it could describe R? or a more compli-
cated manifold, such as the three-torus S' x S! x S*.
2. For the closed case k = +1 we can define = sin y to write the metric on X as
do? = dy? +sin? y dQ? | (30)

which is the metric of a three-sphere. In this case the only possible global structure is
actually the three-sphere (except for the non-orientable manifold RP?). This space is
known as de Sitter space.
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3. Finally in the open k = —1 case we can set r = sinh ¢ to obtain

do® = dy* + sinh? ¢ dQ? . (31)

This is the metric for a three-dimensional space of constant negative curvature; it is

hard to visualize, but think of the saddle example we discussed when we introduced

curvature. Globally such a space could extend forever (which is the origin of the word

“open”), but it could also describe a non-simply-connected compact space (so “open”

is really not the most accurate description). This space is known as anti de Sitter

space.

4. Friedmann equations

The Robertson-Walker metric is the most general metric for which the spatial part is

maximally symmetric (homogeneous and isotropic), and is thus consistent with the cosmo-

logical principle. However, as you surely have noticed, so far we did not attempt to solve

Einstein’s equation. The solution to Einstein’s equation subject to the restrictions set by

the Robertson-Walker metric, will tell us the evolution of the scale factor, a(t).

We proceed as follows. First, we compute the connection coefficients and the curvature
tensor of the Robertson-Walker metric. Setting a = da/dt, the Christoffel symbols are given

by

I
F(ln =
F%l =
I3
It
ng =

ad 0 _ 502 0 — oir2qin?
T I'5y = aar I's; = aarsin® 0

1 12 12 13 _13 _a
=T =13 =Te =I5 =

kr

1—Fkr? (32)

—r(1—kr?) Tl =—r(l—kr?) sin*0
F%l = Fil))S = Fgl = %

—sinf cos§ T3, =T3, =coth .

The nonzero components of the Ricci tensor are

and the Ricci scalar is then

Ry = —3%

_ ad+2a®42k
Rll - 21_‘]?7”2 Y (33)
Ry = r*(ad + 2a° + 2k)

Rss = r*(ad+ 2a* + 2k)sin®0 |

6, . .
R= g(acH— a*+ k) . (34)
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Since the universe is not empty, we are not interested in vacuum solutions to Einstein’s
Equation. Instead, we consider a model in which the matter and energy in the universe are
described by a perfect fluid. This is of course in accordance with the cosmological principle.

Recall that perfect fluids were defined as fluids which are isotropic in their rest frame.
For such fluids, the energy-momentum tensor is written as

Tw = (p+p)UU, + pgu (35)

where p and p are the energy density and pressure (respectively) as measured in the rest
frame, and U* is the four-velocity of the fluid. It is clear that, if a fluid which is isotropic in
some frame leads to a metric which is isotropic in some frame, the two frames will coincide;
that is, the fluid will be at rest in comoving coordinates. In these coordinates, the four-
velocity is then

U* =(1,0,0,0) , (36)
and the energy-momentum tensor is
p 0 0 O
0
T, = 37
0
With one index raised this takes the more convenient form
TMZ/ - dlag(_p7p7p7p) : (38>
Note that the trace is given by
T=T', =—p+3p. (39)
We can now plug it in Einstein’s equations,
1
R, =81G (TW — §gWT) . (40)
The pr = 00 equation is
— 3% =8rG (p+ L(—p+3p)) (41)

= —3%=4nG(p+3p) .
The pv = iy equations become
Rij = 87G (90 — 595 (—p + 3p))
= 8nG (%gsz - %gijp) (42)
= 4nGyi;(p — p)
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Note that the 9 (uv = ij) equations are in fact reduced to one distinct equation, due to
isotropy. Thus we can chose pv = 11, and get (using g1; = a*(t)/(1 — kr?)),

. N2
a a k
—4+21 - 2— =4 — . 4
” + (a) + " 7G(p —p) (43)

We can use Equation 41 to eliminate second derivatives in Equation 43, and do a little
cleaning up to obtain

a e
- _ 44
" 3 (p+3p), (44)
and )
a 817G k
Z) = ==, = 4
(a) 3 a? (45)

Together, Equations 44 and Equation 45 are known as the Friedmann equations, and
metrics of the form (Equation 27) which obey these equations define Friedmann-Robertson-
Walker (FRW) universes.

5. Global properties of the universe

The second of Friedmann equations (equation 45) can be used to infer global properties
of the universe.

We first define the Hubble parameter, which characterizes the rate of expansion by
a

H=-. 46

: (46)

Note that we have to divide a by a to get a measurable quantity, since the overall scale of a
is irrelevant. We further define the deceleration parameter,

aa

4= =5 (47)

a

which measures the rate of change of the rate of expansion.

Hubble’s parameter (which is time dependent!) at present day epoch is called
Hubble’s constant,

Hy = (9) =70+ 3kms ! Mpc™* (48)
t=to

where “Mpc” stands for “megaparsec”, which is 3 x 10** cm. The value quoted is based
on 7 year data release of the WMAP satellite in 2010. Hubble’s constant is extensively
measured since Hubble’s days (and you will understand shortly why its exact value is so
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important !). The recent measurement from the “Planck” mission released in 2018 is Hy =
67.66 = 0.42km s~ Mpc1,

With Hubble’s parameter, we can write Equation 45 as

_ 8rG k

L=35mP ™ ame (49)
We can now define a quantity known as the critical density
3H?
crit — 5~ - 50
Perit e (50)
which at present day epoch takes the value
3H? 9.21 x 1073 gem™3
Perit,0 = 1 = 3 S -3 (51)
81G 5.19 x 10°  eVem
We can further define the density parameter,
8t P
= = 52
3H2 P Perit ’ ( )

We can now understand the meaning of the term “critical” density (which changes with
time !), as we can write the Friedman Equation (equation 45, 49) as

k

Q-1=—7s .

(53)

The sign of k is therefore determined by whether €) is greater than, equal to, or less than

one. We have
P<pait & 2<1 < k=-1 <+ open

P=pait & 2=1 < k=0 <+ flat

P> pair & 2>1 & k=41 <+ closed.
The density parameter, then, tells us which of the three Robertson-Walker geometries de-
scribes our universe. Determining it observationally is an area of intense investigation.

6. Content of the universe

Before we can continue to discuss the evolution of the universe, let us first examine the
content of the universe.
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Consider the stress-energy tensor (Equation 38), and look at the zero component of the
conservation of energy equation:

0 - VNT“O
= 9, T+ DT — T THy (54)
—0p = 35(p+p) -

(where we have used the affine connections calculated in Equation 32).

To make progress it is necessary to choose an equation of state, a relationship between

p and p. Essentially all of the perfect fluids relevant to cosmology obey the simple equation
of state

p=wp, (55)

where w is a constant independent of time. The conservation of energy equation becomes
) a
Lo 31 +w)?, (56)
p a

which can be integrated to obtain
p ox a3+ (57)

The two most popular examples of cosmological fluids are known as dust and radiation.
Dust is collisionless, nonrelativistic matter, which zero pressure; hence w = 0. Examples
include ordinary stars and galaxies, for which the pressure is negligible in comparison with
the energy density. Dust is also known as “matter”, and universes whose energy density is
mostly due to dust are known as matter-dominated. The energy density in matter falls

off as
Pm X a?. (58)

This is simply interpreted as the decrease in the number density of particles as the universe
expands. (For dust the energy density is dominated by the rest energy, which is proportional
to the number density.)

“Radiation” may be used to describe either actual electromagnetic radiation, or massive
particles moving at relative velocities sufficiently close to the speed of light that they become
indistinguishable from photons (at least as far as their equation of state is concerned). There
are various ways to derive the equation of state for radiation. One is to note that 7}, can
be expressed in terms of the EM field strength as

1 1
T = —(FMFY, — g™ FMF\,) . 59
(PP — g P By, (59)
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The trace of this is given by

1 1
T =~ FFF L — Z(4)F*"FM =0. (60)
Thus, the trace of stress energy tensor is 0; putting this in Equation 39 (T'= —p + 3p), the

equation of state for radiation is
1

p= gp . (61)

This result could be derived in more than one way, of course. An alternative derivation is
to recall that the momentum of photons / relativistic particles is related to their energy by
E = pe. The pressure exerted by N molecules of relativistic gas in a 3-d container of volume

V on a wall is I N I N
Lo p

A universe in which most of the energy density is in the form of radiation is known as
radiation-dominated. The energy density in radiation falls off as

pr o< a . (62)

Thus, the energy density in radiation falls off slightly faster than that in matter; this is
because the number density of photons decreases in the same way as the number density of
nonrelativistic particles, but individual photons also lose energy as a~! as they redshift, as
we will see later. (Likewise, massive but relativistic particles will lose energy as they “slow
down” in comoving coordinates.) We believe that today the energy density of the matter /
radiation in the universe is dominated by matter, with pmat/pPraqa ~ 10%. However, in the past
the universe was much smaller, and the energy density in radiation would have dominated

at very early times.

The final form of energy-momentum which we should consider is that of the vacuum
itself: this is the addition of the cosmological constant in Einstein’s equation. Recall that
Einstein’s equations with a cosmological constant are

G =8nGT,, — Agu (63)

which is clearly the same form as the equations with no cosmological constant but an energy-
momentum tensor for the vacuum,
() _ _ N
o= T geg I

as Einstein’s equation reads G, = 87G(T},, + 1, ,Eﬁac)). Neglecting any term but the vacuum

itself, this has the form of a perfect fluid with

(64)

p=-D= - (65)
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We therefore have w = —1, and the energy density is independent of a,
pa o< a’, (66)

This is what we would expect for the energy density of the vacuum. Since the energy
density in matter and radiation decreases as the universe expands, if there is a nonzero
vacuum energy it tends to win out over the long term (as long as the universe doesn’t start
contracting). If this happens, we say that the universe becomes vacuum-dominated.

Current measurements (based on 2018 data released from “Planck” mission) give: Q2 =
0.6911, Qcpyr = 0.3089, where “CDM” stands for “cold dark matter”, out of which the
observed baryons (radiating matter) is €2, = 0.0486, and €2,.4 is negligible.

REFERENCES
[1] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General
Theory of Relativity (John Wiley & Sons), chapters 13 and 14.

2] S. Carroll, Lecture Notes on General Relativity, part 8. Cosmology
(http://preposterousuniverse.com/grnotes/).

[3] J. Hartle, Gravity: An Introduction to Einstein’s General Relativity (Addison-Wesley),
chapters 17 and 18.



