Fundamentals and formalism of quantum mechanics
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This part of the course is based on Refs. [1] — [4].

We saw how quantum mechanics deals with some simple problems. This is very different
than classical physics. We now want to generalize the treatment, in order to enable us to
solve more complicated problems. For that, we need to introduce two things: first, a more in
depth discussion in some of the mathematical concepts of quantum mechanics. Second, some
basic principles - or postulations about the behavior of physical systems. The verification of
these postulations is experimental.

1. Operators (part 1)

Let us look again at the Schrodinger equation:
20D = | Io v v v )
NP\ t) = | —5 r T
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The function ¢ (7) is a wave function: namely, for every point in space (and time), it
obtains a (complex) value.

We further know that in order for ¢ to be physically meaningful, it must fulfill the
condition of being square integrable and normalized, namely

/ (7, t) 2 dr = / V(7 ) (7, ) dPr = 1. (2)
1% 1%

Schrodinger equation contains terms such as %—7’:. Such a term takes the function 1 and
turns it into another function of space (and time): namely, we can write

0

)= () 8
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Thus, by applying the derivative 0/0t, we changed the function ¢ into . Generally speaking,
we made an operation that mapped v into . That is, ¢ is obtained through the action of
an operator on the function :

= Ay (4)
It is typical to denote operators by capital letters. By definition, an operator A is linear, if
the result of it acting on the function A1y + Ao is given by

A(Mthr + Aathe) = Ay (Ahr) + g (Ary) (5)
where \; and Ay are arbitrary complex numbers.

Examples of linear operators.

1. The differential operators: d/dx, 9/0t, etc.

2. Operators of the form f(7,¢) whose operation is to multiply the wavefunction ¢ by the
function f(71).

3. Sum of two linear operators, S = A + B.
4. Multiplication of any linear operator by constant, c¢: (cA)y = c(Ap).

5. Product of two operators, P = AB.

We must pay careful attention to the following point. There is a fundamental difference be-

tween “ordinary algebra” and the algebra of linear operators. The product of two oper-
ators is not necessarily commutative. The difference AB — BA is called the commu-
tator, and is denoted by [A, B]:

[A,B] = AB — BA (6)
If [A, B] =0, we say that A and B commute.

Example. Consider the two operators A = 0/0x and B = f(x) (the operator that
multiplies ¢ by f(z)). For any wave function ¢ we have:

_ 0 of (z) oY of (x) )
Ao = (@0 = 0o @3 = (U s )o@
From which it follows that p of ()
0| =24 ©)

In particular, if f(x) = x, we have

0
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1.1. The Hamiltonian operator

Let us look at the (time-independent) Schrodinger equation (Equation 1). As we will
see during this course, the operator on the right hand side of this equation plays a very
important role in quantum mechanics. It has a special name: Hamiltonian operator,
denoted by H (sometimes: H ), honoring William Hamilton:

. K2
H=-——V+V(F
5 Ve V() (9)

1.2. Eigenvalues and eigenfunctions

Let us look again at the time-independent Schrodinger equation:

HO(#) = |59+ V0] o1r) = Bol) (10

In the right hand side, we have a constant: E, multiplying a wavefunction, ¢. On the
left hand side, we have an operator, H multiplying the wave function ¢; As we saw, this
results in a different wavefunction,

~ ~

¢ = Ho.

If ¢ is a solution of the time-independent Schrodinger equation, we see that the new
wave function, ¢ is equal to the original wavefunction ¢ - up to a constant, E. In such
cases we say that ¢ is an eigenfunction of the operator H, and E is its corresponding
eigenvalue.

1.3. Hermitian operators (self-adjoint)

The interpretation of the wave function in terms of probability of finding the particle,

/ P(7,t)dV = / P dPr =1 (11)
all space

all space

led us to conclude that

8 5 B . 8_¢ 81/)* -
a /all space P(T’t)dv B /all space |:¢ (8t) + ( 8t ) 77D:| d'r=0. (12)

(see “waves”, equations 58, 61).
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In order to proceed, we can write the (time-dependent) Schrédinger Equation (1) in the

form 5
and its complex conjugate
B RN P
—ihs 0 (7.8) = [Hw(r,t)] . (14)

Using these equations in Equation 12, we find

% all space P(F’ t)dv = fall space [w* (%_f) + (%) wj| d37”

- %z all space [¢* (ﬁhp) - (ﬁ¢>*¢] d*r = 0. (15)

We therefore find that the condition that the total probability of finding the particle some-
where is independent on time can be written as a restriction on the Hamiltonian operator:

/ o (H¢> & = / (Pw)*w &r. (16)

Operators which fulfill the condition set in Equation 16 for all functions ¢) which they act
on, are called Hermitian operators. As we will show below, Hermitian operators play a
particularly important role in Quantum Mechanics.

In particular, we just showed that the Hamiltonian operator that appears in Schrodinger equa-
tion is Hermitian.

Hermitian operators, their eigenfunctions and eigenvectors have some interesting math-
ematical properties.

1.3.1. FEigenvalues of a Hermitian operators are real

Let us assume that A is a Hermitian operator. Let ¢) be an eigenfunction of A, with an
associated eigenvalue A. We have:

A = . (17)
Taking the the complex conjugate,

(Ag)" = X* (18)

Multiplying Equation 17 by ¢* and integrating over all space, we find

/ VH(AY) dPr = / A dPr = A / W) dr. (19)
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Similarly, multiplying Equation 18 by v and integrating over all space, we have
/ (Ayp)*y dr = / XY dPr = N / v dr. (20)

We assumed that A is Hermitian, therefore it satisfies Equation 16. Thus, Equations
19 and 20 are equal, which leads us to conclude that

A/z/;*w & = )\*/w*w dr (21)

from which we find that A = A\*. Thus, the eigenvalue A must be a real number.

1.4. Orthogonality of wavefunctions of a Hermitian operator

Let us assume that ;(7, t) and v,(7, t) are two wavefunctions that are both eigenfunc-
tions of a Hermitian operator A, but with different eigenvalues, \; # A;.

Each wavefunction is normalized:

R B T (22)
all space all space

We now show that these functions are orthogonal, namely

/ Yy dPr=0 for i+ j. (23)
all space

Proof. We take
Ay = Ny,

multiply by 7 and integrate over all space,
/W(A%') d’r = /%’*)\jw]’ d'r = )\j/%*% dr (24)

(since A is just a constant, we can take it outside of the integration).

Similarly, we have
(A@/}i)* = NYj = \]

(since )\; is real), from which it follows that

/ (A vy & = ), / wr; dor (25)
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We now subtract equation 24 from Equation 25, to get
=) [y = [ (av) o, - vian)] dr=o (26)

This is equal to zero using the definition of a Hermitian operator (Equation 16), and our
assumption that A is Hermitian. Since, by assumption \; # A;, we are left with

/w:wj d’r =0.

In particular, since the Hamiltonian, H is a Hermitian operator, two wavefunctions that
are eigenfunctions of the Hamiltonian with different eigenvalues E; # L are orthogonal to
each other.

Example. We showed (“waves”, §8.2) that the wavefunctions representing a particle
in an infinite square potential well of length L are ¢;(x) = \/(2/L)sin(irz/L). These are
real functions, that fulfill

- L L

L 2 [t iTT jmax sin (“?”) sin ((Hg m)
*h.dr = — i — | si T ) = — =0

/0 9705l L/O SIH(L)SIH( L ) (i — ) (i +j)mx

0

(unless i = 7).

2. Expectation values and operators

I have stressed that in quantum mechanics, the wave function plays a fundamental
role: it contains all possible information on a particle. It replaces the classical concept of
trajectory, as a particle does not have a well defined trajectory. The wave function contains
all possible information on a particle. We interpret it in a statistical way: the square
of a wave function tells us what is the probability of finding the particle at a given position
if we conduct a measurement,

dP(7,t) = ¥*(7, t)y (7, t)d°r. (27)

Operators are equally important in quantum mechanics. This is due to the fact that
operators represent quantities that can be measured, such as energy, position, mo-

mentum, etc. In fact,

Every measurable physical quantity is represented by a Hermitian operator.
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Before getting deeper into the explanation of this, let us consider a particle that is
described by a wavefunction 1. Let us show how one can use ¢ to extract information about
the particle.

Consider an arbitrary function F' = F(7) of the coordinates of the particle. We can
define the mean value of F' as

(F(7) = / P(F,t)F(7)dF = / G OF(FY(F, 1) dF (28)

The mean value (F)) is also called the expectation value of F'.

It has the following physical meaning: (F(7)) is the average value that we obtain if
we measure F'(7) many (N > 1) times, in N different systems that are all identical and
independent on each other, and are all represented by the same wavefunction .

As a concrete example, if we set F'(7) = (the position of the particle), then we find

(7 = / rtrdr—/w F1) dF (29)
Equation 29 is equivalent to the three equations

= [*(F, t)zp(F,t) dF,
= [* (7, )y (7, t) dF, (30)
= [ X7, )z (7, t) dF.

We can think of the result in Equation 28 in the following way. Inside the integral (the
right hand side of the equation), F'(7) can be thought of as an operator that acts on the
wavefunction ¢ (7, t). Outside the integral (the left hand side), (F(7)) is the expectation
value of the physical quantity F' (which, for example, could be the position, momentum,
energy,....): this is the average value we obtain when measuring F' multiple times.

With this interpretation, we can state the results in Equation 29, 30 as follows: the
operator 7 is associated with the position vector 7.

There is one important restriction on operators that are associated with physical quan-
tities. When we measure a physical quantity (such as position, momentum, etc.) obviously
the result is always some real quantity. This means that if F' is an operator associated with
a measurable physical quantity, then it must satisfy

/W(ﬁt) [F(P)(r1)] df—/[F(F)w(ﬁt)]*w(ﬁt) dr (31)

In other words, the operator F(7) must be Hermitian. Such operators are also called
observables.
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2.1. Functions of momentum

Often, we encounter functions not of the position of a particle, but of its momentum
- such as the momentum itself. We would like to calculate the expectation value of such a
function, G = G(p).

In order to do this, recall that we can use the superposition principle, to write every wave

4

function as a combination of plane waves (see “waves”, equations 47, 48; here we generalize

to 3-d):
L[ iy eiEr—stiihn go 1 o = E(lp)D)/h g3
- _ i(k-r—w — el i(pr—E(|p L
(32)
where in the last equality we used de-Broglie relations, p = hk and E = hw.
The function ¢(p,t = 0) is the Fourier transform of ¢ (7, ¢t = 0):
- 1 e —ipF/h 13
gb(p,t = 0) = W . l/J(T,t = 0)6 d’r. (33)
This can be generalized to any time, ¢: we can always write
. 1 T R B
Y(rit) = rhy | p(p,t)e d’p, (34)
and
5 1 R —ipi/h 73
o(pt) = np | Y(r,t)e d°r. (35)

The function ¢(p,t) is the wave function of the particle in momentum space. Thus, in
analogy to Equation 28, if we have a function G = G(p), we can write its expectation value
as

(G() = / & (0GP0, 1) df (36)

For example, the expectation value of the kinetic energy is

<@> = / i t)%cb(ﬁ t) dp. (37)

2m

We now write Equation 36 in a different form. We start by writing

1 +oo

Qs*(ﬁ, t) _ W W(Fa t)€+z’ﬁ'77’/hd3rl' (38)



Inserting into Equation 36, we get

(02) = Gy [ 45 [ 47 [ e e ) (39)

Now, look at:

p:peiiﬁf/h = pxef’i(pzx+pyy+pzz)/ﬁ = Z‘hgeiiﬁf/h- (4())
i

Equation 39 thus becomes:

L0 .
(pe) = o h /dp/dr/d “pr/hw )(zh%eﬂp'r/h> P(7, 1) (41)

We now integrate by parts with respect to x. Recall that at x — oo, ¥(7,t) = 0, since (7, t)
must be normalized. We thus have:

dp [ dF | dF* (7 t)et P =/h { zh%wﬁ t)] (42)
In order to proceed, we use a property of the d-function,
1
5 = — d_" +ip- (7 F)/h 4
=) = i | (43

to perform the integration over dp:

(pa) / i / A (7, )5 (7 — ) {—maﬁdj( )} _ / (7 1) (-m%) O(FA)dF. (44)
In a similar way, <py> = [ (F,t) (‘”%%) W(7,t) dF,
= [ (7, t) (—ihZ) ¥ (7, t) dF.

This result can be obviously generahzed to

(45)

(5 = / GO (—mﬁ) W(7,1) dF, (46)

and to any function of the momentum, G = G(p, t):

_ / VNG (k¥ 1) (1) dF (47)

This result implies that the operator associated with the momentum, p is —ihV.
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Example. Suppose that we want to calculate the expectation value of the total energy
of a particle that moves in a potential V (r,t). In Newtonian physics, we have E = |p|*/2m +
V(r,t). Using Equation 46, we derive the quantum mechanical analogue:

/ V(7 [——vuw 0| (7 1) dF = () (48)

This leads to an important conclusion: the operator associated with the total energy
E of a particle is the Hamiltonian, H.

2.2. Functions of both position and momentum

We saw that the expectation values of function of the position: F' = F(7,t) or the mo-
mentum: G' = G(p,t) are always real. Hence, the operators associated with these functions
are Hermitian.

However, if we have a function of both 7" and p; this is not necessarily the case. For
example, consider a particle moving in 1-d, characterized by wavefunction ¢ (z,t). What is
the expectation value of xp,? We have:

+oo

wp) = [ (et (—naﬁ) b, t)de (19)

We can integrate by parts:

(wpa) = —ihagr | T+ ih [T ()2 (1 (x,1)) da

oo % 50
0+ ih [ a2 dx + ik f_*oo ww*dx (50)
(the first term is 0, since [¢)| — 0 when z — $00).
We thus find:
(xpe) = (2ps)” + il (51)

The existence of the second term, ih in Equation 51, forces us to conclude that the expec-
tation value of (xp,) cannot be real. This means that the associated operator, x (—iha%) is
not Hermitian.

Mathematically, we just showed that the operators representing the physical quantities
of position (z) and momentum (p,) do not commute. Physically, this means that we cannot
measure simultaneously both the position and momentum of a particle to infinite
precision.
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3. Ehrenfest theorem: transition between quantum mechanics and classical
mechanics

Obviously, the above result has no classical analogue. However, we know that on a
large scale, the laws of classical mechanics do hold. Thus, there must exist conditions under
which classical mechanics provides good description of a physical system. The general rule
was formulated by Niels Bohr in 1923, and is known as the correspondence principle. A
common formulation of the principle states that the results of a quantum theory must
approach those of classical theory asymptotically in the limit of large quantum
numbers.

In order to investigate this point quantitatively and gain an insight into the nature
of quantum mechanics, we will prove the following theorem, known as Ehrenfest’s theo-
rem. Consider Newton’s laws, written in the following form, known as Hamilton-Jacobi
equations (yes, the same Hamilton from the Hamiltonian):

ar _ P.
==

L - 52

Clearly, these are classical equations of motion.

Ehrenfest’s theorem states that the same equations are satisfied by the expecta-
tion values (=average values) of the corresponding quantum mechanics opera-
tors. Note an important point. In quantum mechanics, there are no well-define trajectories,
as in classical mechanics, so in this sense terms such as dr/dt which gives the change in
direction along a classical path does not exist. However, the expectation values of operators
such as 7 do change with time, and so it does make sense to look at their temporal evolution.

In the mathematical proof, we will use Green’s identities from vector calculus. Green’s
first identity states that if u and v are two scalar functions of the position (u = u(x,y, z),
v =v(x,,z)), both have continuous first and second derivatives, then

/V [UVQU + (Vu) . (VU)] d3r = /u(VU) -dS, (53)

s
where S is the surface enclosing the volume V. Green’s second identity states that for these
functions,

/V [u(V?0) — v(Vu)] &°r = / [w(Vv) —v(Vu)] - dS. (54)

S

(These theorems can be viewed as special cases of the divergence theorem, fv<§ . F )dV =

¢ F-dS).
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proof. Using Equation 30, we have

%(@ = 2 fw* Ft m/J(F t) dr

Using Schrodinger equation and its complex conjugate (Equations 13, 14), we have
L) = L[foratfy) di— [(HY)ywy dF] (56)

[ (V) — (V2*)aip] dF.

(The terms involve the potential V' cancel out).
We now use Green’s first identity, setting u = zv and v = ¥* to write the second integral:

J @i ar = [ au(vv)-as— [(9u) (Vav) ar =~ [(90): (Vav) d - (57)

(the first integral over dS must be equal to zero, since the surface encloses all space, and
v — 0 at |r] = 00).
We use again Green’s first identity, to write

—/(w*) (V) d /¢vw dS+/¢ V2(z1)) dr—/w V2(xip) dir (58)

(from the same reasoning).
Putting this in Equation 56, we find

:%/¢* [2(V2) — V2 (a1))] f:——/w (59)

where the last equality comes from expansion of the second term.
Comparing this result to Equation 44, one finds

d, . (pz)
E(@— .

(60)
which is the quantum mechanical counterpart of the first of the classical Hamilton-Jacobi
Equations (Equation 52).

The second part of Ehrenfest’s theorem is proven in a similar way. From the expectation
value of the momentum (Equation 44 we have

d 0 51/1 op* oY
71 \Pe) = ’h_/l/’ U¢ oz ot 9t or T} (61)
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Using Schrodinger equation and its complex conjugate to re-write 0y /0t and 0y*/0t, one
obtains

Gpe) = = [l (~EVe+VY) dr+ | (—iv2¢*+v¢*) dF
g ) [V (V250) = (VP ge] dr = [ur [ (Vo) = V] dF
Assuming that ¢ and 0v/0z vanish at large z, the first integral vanishes by Green’s second

(62)

identity (using v = ¢* and v = 0¥ /0x). The second integral is

—/¢* L%(v V—} dF = /¢ S di = _<?9_Z>‘ (63)

We thus found that
d oV >

o) = —(5

which completes the proof.

Physical meaning. Let us assume that the wave function ¢ that describes the particle
takes the form of a wavepacket. We can therefore consider the average value (=expectation
value) (7)(t) to be the center of the wavepacket at time ¢. Thus, the set of all points (7)(t)
corresponding to different times form a trajectory: this is the trajectory followed by the
center of the wave packet.

The conclusion is, that although we cannot speak of a trajectory of the particle itself
(since 1 extends over all space), we can speak of a trajectory of the center of the wave
packet. If all the distances involved in the problem are much bigger than the extension of
the wave packet, we can approximate the wave packet by its center, and recover the classical
description of trajectory, and the classical results.

4. Dirac’s bracket notation

We saw that in quantum mechanics, the quantum state of a particle is fully specified
by a wave function, ¢ (7,t). On the other hand, not every wave function can describe a
physical particle: a wave function must be square integrable and normalized, in order for it
to describe a physical particle:

/|¢(F, D dir = 1. (65)

From a physical point of view, we add a few requirements: these functions must be every-
where defined, continuous, and infinitely differentiable.

Technically, the set of functions ¢ for which the integral converges, form what is called
by mathematicians L? space. This space has all the properties of a vector space, which we
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will not go into in full details here. However, I do point into two important aspects of it:
(i) the superposition principle, according to which if ¥; and 1, belong to this space, so
will

Y(7) = Mpr(7) + Aarba(7),

where \; and \; are two arbitrary complex numbers; and
(ii) the ability to define a scalar product between two functions, ¢(7) and (7, t) using

/ & (7. (7 1) dPr.

For those who are familiar with the mathematical definitions, we say that L? is an example
of an infinite-dimensions Hilbert space.

This association of wave functions as elements in a vector space, enable us to use a
convenient notation, according to Paul Dirac. To each wave function, (), we associate a
ket vector, or simply ket, which we denote by |¢). Thus:

U(r) <= |¢) (66)

The set of ket vectors, also known as state vectors of a quantum system, define a space.
It is known as the “state space” of the system. (Technically, this space is isomorphic to the
space defined by the functions ¢ (7), but we do not need to get into the mathematical details
of this). Note that we generalize |1)) to describe the state of a quantum system, which may
include more than a single particle.

We omit the 7 dependence from [¢). In fact (we will not prove it here), we could think of
¥ (7) as the components of the ket |¢) in a particular basis, 7. However, this goes somewhat
deeper than currently needed.

One point which is important to remember, is that the use of Dirac’s notation enables
not only to simplify the calculations, but also to generalize them. There exist physical
systems whose quantum description cannot be fully given by a wave function. A classical
example is the spin degree of freedom (which we may or may not have time to cover this
year). Nonetheless, such systems can still be described by specifying their state vector.

4.1. Bras and Scalar product

To each ket vector, |1), there is an associated bra vector, or simply bra, denoted by (]
Technically, the bra can be thought of a linear functional. A linear functional is a linear
operation that associates with every ket [¢)) a complex number. This is done in a linear way.
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Note the difference between a linear functional that associates with every ket a number, and
a linear operator discussed above, that associates with every ket another ket. For those who
are familiar with the term, we say that (¢| belongs to the dual space of the vector space
defined by the kets.

With each pair of bra (¢| and ket [¢)), taken in this order, we can therefore associate
a complex number - which is their scalar product, defined by

6l) = [ @) (o7
It is obvious from this definition that

(olp) = (¥lo)". (68)

Furthermore, if A is a complex number, we obviously have

(0] M) = AMol)
(Apl) = A (¢l¢) (69)
(Plthr + ) = (|th1) + (B]¢2)

Using this Dirac notation, the normalization condition of the wavefunction (Equation 65)
can be written in a compact form,

(W) = 1. (70)

Furthermore, the functions ¢ and ¢ are said to be orthogonal, if their scalar product vanishes:

(¢l¢) = 0. (71)

5. Linear operators (part II)

We saw that a linear operator A associates with every wavefunction ¢) another wavefunc-
tion ¢ = A, in a linear way, namely A(X\ 1)1 + Agthy) = A (A1) + Ay(Arhs) (see Equations

4, 5). Using Dirac’s notation, we write

|1/_}> - A|1/}>7 (72)
A1) + Aaltha)) = MAlhr) + Ao Alts).

Using Equations 67 and 72, we know that (¢[)) = (¢|(A[¢)) is a complex number. Since
both the scalar product and the operator A are linear, this complex number depends linearly
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on |1). We can therefore think of both (¢| and A as defining a new bra, that associates with
each ket [1)) a complex number; in other words, we can write

(ol A)l) = (ol(Aly)) = (ol Alp) (73)

where we omitted the parenthesis, as their place is unimportant. This is known as the
matrix element between the kets |¢) and [1)) (obviously, |¢) is the ket associated with the

bra (4]).

Example: the projection operator.
Let |¢) be a ket which is normalized to one:

(Vly) = 1.
Consider the operator Py defined by:
Py = ¢) (] (74)
apply it to arbitrary ket, |¢):
Pylo) = [¥) (o) (75)

We see that we obtain a ket which is proportional to |1); the coefficient of proportionality,
(1|¢) is a complex number, which is the scalar product of (1| and |¢). This has an obvious
“geometrical” interpretation.

Furthermore, we have

P} = PyPy = ) (W[0)(¢] = [¥)(¥] = Py, (76)

where we used the fact that (¥|¢) = 1.

5.1. Adjoint operators

The association between kets and bras enable to associate with each linear operator
A, another linear operator, called the adjoint operator, that is denoted by A'. Another
name for adjoint operators is Hermitian conjugates (not to be confused with Hermitian
operators!).

Let |¢) be an arbitrary ket. The operator A associates with it another ket, |¢/). Now,
let (1| be the bra associated with [)) , and (1| the bra associated with the ket |¢)). The
bra-ket correspondence, enable us to define the operator A' that acts on the bras:

(W] = (W|AT <= Aly) = [9). (77)
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Using the property of the scalar product (equation 68), ({|¢) = ($|))*, we can write

(W] ATl) = (] Alv)* (78)

(note that both sides of Equation 78 are c-numbers !). This is valid for all (¢| and |¢)). The
operator A' is known as the Hermitian conjugate of the operator A.

The concept of adjoint operators can be understood as operator generalization of the
the complex conjugate of a complex number.

It is straight forward to show that

(AN = A
(AA)T = A* Al (79)
(A+ B)t = At 4+ Bt

By applying two operators once at a time, one can also show that

(AB)" = BTA! (80)

5.2. Hermitian operators (again)

If a linear operator A satisfies
Al =A (81)

then it is called self adjoint. In this case, Equation 78 becomes
(V[Al) = (9| A[v)” (82)

Comparing this to Equation 16, we see that this is similar to the definition of a Hermitian
operator (identical if |¢) = [¢))). In fact, it is not difficult to show that the two definitions
are equivalent. Thus, self-adjoint is another name to Hermitian operator.

Alternatively, we could define Hermitian operator A by

(91(A)) = ((Ad)[¢) (83)
where we used the notation |(Av)) = A|y) and ((Ay)| = (| AT.

We can now repeat the discussion above about the properties of the eigenfunctions
and eigenvalues of Hermitian operators, using Dirac’s notation. For example, if ), is an
eigenfunction of the operator A with eigenvalue a,,, then from A, = a,1, we have

<¢n|A|¢n> = an<¢n|¢n> (84)
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and since (A, )* = axi%, we have

((AYn) |[¥n) = a7, (Unlthn). (85)

*
n’

If A is Hermitian, the left hand sides of Equations 84, 85 are equal, hence a,, = a’, namely

the eigenvalues of A are real.

Similarly, we can prove the orthogonality properties of the eigenfunctions of A. If ),
and 1); are eigenfunctions of A with two different eigenvalues, a; and a;, we have AvY; = a;1;
and A@bj = ijwj. Thus,

(a;i — az)(Wilvy) = (ailiby) — (ilagps) = ((Ai)|by) — (il (Ayy)) =0 (86)

where we have used the fact that A is Hermitian. Since a; # a;, it follows immediately that
(hilthj) = 0 (i # j).

Furthermore, if 1), is an eigenfunction of the operator A, its corresponding ket, |1),,) is
called eigenvector of A.

5.3. Physical interpretation: observables

A basic postulate of quantum mechanics is that

Every measurable physical quantity (position, energy, momen-
tum, etc.) is described by a Hermitian operator, A. This oper-
ator is an observable.

Now, if the wavefunction of a system happens to be an eigenfunction v, of the operator A
(corresponding eigenvalue a,,), then (second postulate): a measurement of the dynamical
variable A will certainly produce the result a,. We say that the system is in an
eigenstate of A characterized by eigenvalue a,. The set of all eigenvalues of A are
called the spectrum of A.

If, on the other hand, the wave function v describing the system is not an eigenfunction
of A, then, when measuring A, any one of the results ay, as,..can be obtained. We don’t
know in advanced which result will be obtained; but we can calculate the probability of
obtaining a certain result (we will show shortly how).

If the system is described by wavefunction ¢ that is normalized, namely (¢[) = 1,
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then in analogy to the discussion above, we define the expectation value of A as

(4) = (¥lAl).! (87)

5.4. Functions of operators

Consider an arbitrary operator A. One can easily define the operator A™: this is the
operator which corresponds to n successive applications of the operator A: A™[¢p) = A- A -
- A|). But what about a general function of operator, f(A) 7

In analogy to power series expansion of functions of a variable, z: f(z) =Y o0, ¢;2", we
can define the operator function f(A) as

A) = f: ci Al (88)

Consequently, if [¢,,) is one of the eigenfunctions of A corresponding to the eigenvalue a,,,
we have: A'|¢,) = (a,)'|¢,). Thus,

FAGa) = Flan) ). (9)

In words: we just proved that if |¢,,) is an eigenvector of A with the eigenvalue a,,, then |v,)
is also an eigenvector of f(A) with the eigenvalue f(a,,).

This leads to another insight. As we will immediately show, operators are best rep-
resented by matrices, once we specify a set of basis vectors. If we find a basis such that
the matrix representing an operator A is diagonal (namely, zero everywhere except from the
diagonal) - which is something that we can always do for an observable - then the matrix
representing f(A), in the same basis, is also diagonal, whose elements are f(a).

Example. The operator e is defined be

n

[ee] TL A
EZ =T+ A+ rdo (90)
—

Note that as opposed to numbers, in general, f (A)f(B) # f(B ) (A), unless the operators A

B A+B

and B commute. In fact, one can show that ete? = ¢ 14,51 This is known as Glauber’s

N)\»—t

e
formula.

If the wavefunction ¢ is not normalized, we define the expectation value of A as (A) = %.



— 20 —

. . . . ey . . o
This example is particularly useful when solving the Schrédinger equation, ihg; | (t)) =
H|y(t)). For a time-independent Hamiltonian, the solution to this equation is

—iHt

(1)) = e o (t = 0)),

and so the state vector at arbitrary time [¢)(t)) can be immediately calculated if |¢(t = 0))
(the state of the system at ¢ = 0) is known and the Hamiltonian can be written in the form
of a diagonal matrix, as is frequently the case.

Example - 2. The operator o, (known as one of Pauli’s spin matrices) is represented

o=y ) (o1)

7 = ( 8 1(/)6 ) . (92)

6. Representations in state space

by the matrix

It follows directly that

We stated that for each wavefunction ¢ there corresponds a ket vector, 1) in the “state
space” of the system. In order to calculate the expectation values of the different observables
(as well as other calculations), we need first to define an orthonormal basis for this space
(namely, all the basis vectors are normalized to unity, and are orthogonal to each other).
This basis can be either discrete, or continuous, depending on the spectrum (=all possible
results of measurements) of the particular observable.

Once we specify a basis, vectors and operators are represented by numbers: for vectors,
these are their components in the given basis (exactly the same way as we represent vectors by
their z, y and z components in Cartesian coordinate system). Operators will be represented
by their matrix elements. In theory, the choice of representation is arbitrary. Practically, we
obviously choose a representation which simplifies the calculations as much as possible.

Let us discriminate between the two cases: discrete and continuous basis. (To avoid
confusion, I am omitting discussion on degeneracy).
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6.1. Discrete basis

A set of discrete kets, {|v;)} is said to be orthonormal, if the kets of this set satisfy
the orthonormalization condition:

(Yil;) = i (93)
where 6;; is the Kronecker delta symbol,
1, 1=
(Sl" - ’ 94
’ { 0, i#j. &9

In order for the set {|¢;)} to form a basis, every wavefunction must have a unique
expansion on the [¢;), namely every wavefunction can be expressed as a linear combination
of [¢;):

W) = ZQ‘WQ (95)

7

Since this must be true for all wave functions, the set |1);) is said to be complete.

We can multiply both sides of Equation 95 by (1], to get
(;]¥) = ¢; (96)

Using this in Equation 95, one obtains:

W) =D ({walw)) ) = le@ (3] ) (97)
We can think of ), [1;)(¢;| as an operator, that when acting on any arbitrary ket |¥) gives
the same ket; thus,

Z i) (W] = T (98)

where I denotes the identity operator. Equation 98 is also known as the closure relation,
as it expresses the completeness of the set of functions {[¢;)}.

Probability amplitude.
Consider a system that is described by a wavefunction W, which is normalized to unity. Let
{1} be a complete set of eigenfunctions of A, whose corresponding kets {|i,)} form an
orthonormal basis.

The expectation value of an (arbitrary) observable A is given by Equation 87,
(4) = (Y[AY)
* A

= Zm Zn C?ncnan<¢m|¢n>
= Zn |Cn|2an
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Since VU is normalized to unity, (¥|¥) = 1 namely Y |c,|* = 1.

Now, recall the following: when we measure A, the only possible results that we can
obtain are a,. When we measure A multiple times (in a large number of identical systems),
the average value we obtain is (A). Thus, we interpret the quantity

Py = Jenl® = [{tn|T)]* (100)

as the probability of obtaining the particular value a,, in a given measurement. The coefficients
¢n = (| V) are called probability amplitudes.

Let us consider a scenario in which the state of a system, |¥) is known, and we want to
measure an observable A. Before the measurement, we don’t know what value we will get; we
only know the probability amplitude of obtaining the various possible values. Suppose now
we actually measure A, and obtained a value a,,. Immediately after the measurement,
we obviously cannot speak of “probability of obtaining a value”; the value is known. Thus,
clearly, the state of the system is no longer |¥). Instead,

The state of the system immediately after the measurement is

the eigenvector [¢,) associated with a,,.

6.2. Continuous spectrum

The spectrum of some observables, e.g., the momentum operator p, is continuous, while
the spectrum of others, e.g., the Hamiltonian, possess both a discrete and continuous part.
We thus need to generalize the treatment in the previous section to these cases.

The treatment is very similar to the discrete case. Let us denote the set of continuous
eigenvalues by a, and eigenfunctions by ,, namely Ay, = a),. We can write any arbitrary
wave function W as

U= /c(a)@bada, (101)

where the integral runs over all values of a. Alternatively, we could write |¥) = [ da c(a)|t,).

The set of eigenfunctions must be orthonormal, namely

<wa’|wa> = 6(& - (I,), (102)

(compare to Equation 93), enabling us to write the coefficients a(a) as

c(a) = (¢a|¥) (103)
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(compare to Equation 96).
The closure relation takes the form

/ dalta) (bl = 1. (104)

The expectation value of an operator is written as

(4) = (v]Aw)
[ da | dae*(a)e(a) (| Al
[ da [ da'e*()e(a)aluw )
= [ dalc(a)|a

(105)

6.3. Matrix representation of wave functions and operators
6.3.1. Representation of kets

Let us assume that {|i;)} form a complete set of orthonormal basis (for simplicity, I
consider only the discrete case here). As we saw, this means that every wave function can
be written as

W) = alen)

(see Equation 95). Therefore, once we know the set {|¢;)}, the set of coefficients ¢; = (1| V)
fully determines |W). It is analogous to the way we describe a vector (in 3-d space) by its &,
y and Z components, which we can specify after we define the coordinate system.

Thus, we can think of the set of functions {|¢;)} as analogue to the set of orthogonal
axes, and ¢; as analogue to the components of the 'vector’ ¥ along each of these axes. We
can arrange the ¢; vertically, in a column vector = one column matrix (it can, in principle,
be of infinite length!)

C1 (1| ¥)
Ca (12| W)
: : (106)
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6.3.2.  Representation of bras and scalar product

Similar to kets, every bra (V| has a unique representation in the orthonormal (bra) basis
{(¢:]}. Using the closure relation (Equation 98), we can write

(U] = ([T =) (Ule) (W] (107)
Obviously, the components of (¥, namely (V]¢;) are the complex conjugates of the compo-

nents of the ket |¥) associated with the bra (V| (see Equation 67), and are therefore equal
to c.

We thus arrange the components of the bra (¥| horizontally, forming a row vector,

((Tlehr), (Wlta), ... (¥ [ehn)) (108)

We can now look again at the scalar product (Equation 67). We can use the closure
relation (Equation 98) to write

(919) = (B110) = D (ol (il ¥) = Zb*cl (109)

where we wrote bf = (p|;).

Not surprising at all, this is exactly what we get when we multiply the row vector
representing (¢| (Equation 108) with the column vector representing |V) (Equation 106)!

6.3.3. Matriz representation of operators

Given a linear operator A, we can, in the {|i;)} basis associate with it a series of
numbers defined by

Aij = (il Aly). (110)

These numbers are called the matrix elements of the operator A in the basis {|¢;)}.

As these numbers depend on two indices, we can therefore arrange them in a matrix

form:
Au Alg Alj

A21 A22 R Agj
D : (111)
Az‘l Aig R Aij
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The operator A, when acting on the ket |¥) produces a new ket,
@) = AV).

If we know the representation of the ket |¥) (namely, its components in the basis {|¢;)} )
and the matrix representation of A in the the same basis, we can calculate the components
of |®) using
= (il ®) = (il A|U) =D (il Al (0] ¥) = ZAmcj (112)
j

where we made use of the closure relation (Equation 98).

This equation can also be written as a matrix equation, using the standard formula for
matrix multiplication:

b1 AH A12 . Alj e C1
bg AQl A22 e Agj . Co
= : : (113)
bz‘ Ail AZ‘Q e Aij .
. . . . ¢

Using this representation the matrix representation of the operator C' which is obtained
by the product of two operators, C' = AB is simply the matrix product of the two matrices
representing the operators A and B. This can be verified by using again the closure relation
(equation 98):

Cij = (WilCly) = (Wil ABwy) =D (Uil Albw) (] Blay) ZAszk] (114)

k

Matrix representation of adjoint operators.
Using Equation 78 ({(1)|AT|¢) = (¢|Alb)*), we find:

(AN)i; = (Wil AT;) = (| Alpi)* = A3, (115)

Therefore, the matrix elements of A’ are obtained from the matrix elements of A
by interchanging rows and columns and then taking the complex conjugate of
each element. (And vice versa, of course).

If A is Hermitian, then we have AT = A; therefore, (A");; = A;; and therefore
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Such a matrix is called Hermitian matrix. Namely, a Hermitian operator is represented
by a matrix in which any two elements which are symmetric with respect to the
principle diagonal are complex conjugates of each other.

In particular, all the elements on the diagonal, A;; must have A;; = A, namely, the

iz

diagonal elements of a Hermitian matrix are always real numbers.

6.4. Finding eigenvalues and eigenvectors of an operator

Clearly, we say that |¥) is an eigenvector (or eigenket) of the operator A with eigenvalue
A if
A|W) = A|D). (117)
We would like to answer the following question: given an operator A, how do we find all its
eigenvalues and the corresponding eigenvectors 7

Let us assume that {|t;)} forms a basis in some particular representation. We can then
project the vector Equation 117 onto the various orthonormal basis vectors,

(i A[®) = A(hi W) (118)

Inserting the closure relation between A and |¥) gives

D (Wil Aly) (51 T) = Ay |T) (119)

J

Using Equations 96 ((¢;|¥) = ¢;) and 110 (A;; = (¢;|A1);)), this becomes
Z Aijcj = )\Ci, (120)
J

or
> [Ai; = Ayl e; = 0. (121)
j
This equation can be thought of a linear and homogeneous system of N equations, in N
unknowns (¢;). From linear algebra, we know that non-trivial solution (namely, a solution
in which not all ¢; = 0) exists if and only if the determinant

Det[A — M| =0, (122)

where A is the (N x N) matrix of the A;; and I is the unit matrix. Equation 122 is known
as the characteristic equation (also: secular equation). The eigenvalues of the operator
are the roots of its characteristic equation.
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Once we solve the equation and find the eigenvalues, we can find the eigenvectors. Let
us assume that )y is an eigenvalue that solves the set of N equations. When we put A = )\
in equation 120, we are left with V — 1 independent equations, but with N unknowns (c¢;).
Thus, we need to fix, say c;, and the rest will depend on this choice, namely ¢; = a;c; for
j # 1. (Obviously, for, j =1, a; = 1). We obtain as the eigenket, [¢)(c1)) = >, ajei[ty).

7. Commuting observables, compatibility and the Heisenberg uncertainty
relation

Consider two operators A and B. We defined earlier (see Equation 6) their commutator
by
A, B] = AB — BA.

If the commutator vanishes when acting on any wave function v, then the two operators A
and B are said to commute, namely AB = BA.

Assume now that A and B are two observables. If there exists a complete set of wave-
functions 1, such that each function is simultaneously an eigenfunction of both A and B,
the observables A and B are said to be compatible. Denote by a, and b, the eigenvalues
of A and B corresponding to the eigenkets |1,,):

If a state is described by [¢,), a measurement of A produces an exact result a,, and a
measurement of B produces an exact result b, - both accurate to any precision.

Examples of compatible observers are the Cartesian components, x y and z of the posi-
tion vector 7 of a particle. Another example are the Cartesian components of its momentum,
Psz, py and p,. However, recall that = and p, are not compatible (see Equation 51).

Two compatible observables commute. If |¢,,) is a common eigenket, we have

Since any ket can be expanded as [¥) = > ¢,|1,) (see Equation 95), we have

(AB — BA)|) = ) " ¢,(AB — BA)Jib,) =0, (125)

from which it is obvious that [A, B] = 0.
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The opposite statement, namely that two observables which commute possess a complete
set of common eigenfunctions is also true.? Assume that [¢,) is an eigenket of A with
eigenvalue a,,. If A and B commute, we have

A(Blin)) = BA[¢n) = an(Blin)) (126)

Thus, the ket (B|vy,)) is an eigenket of A with eigenvalue a,. By assumption, a, is non-
degenerate, and so (B|v,)) can only differ from |, ) by a constant, which we call b,,, namely

B\%) - bn’wn> (127>

We thus see that |v,,) is simultaneously an eigenket of the operators A and B, with the
corresponding eigenvalues a,, and b,.

7.1. Heisenberg uncertainty relation

We are now at a stage to obtain a precise form of Heisenberg’s uncertainty relation.
Consider two observables, A and B, whose expectation values are (4) = (V|A|V) and
(B) = (V| B|W¥) when the system is in state | V) (see Equation 87).

We define the uncertainty AA to be
(AA)? = ((A—(4))%) = (4%) — (4)? (128)
and a similar definition of AB.

We shall now prove the mathematical formula:

AA-AB> ({4, B)) (129)

Proof. Consider the operators

A=A—-(A), B=B-(B).

The expectation values of both these operators vanish, (4) = (B) = 0. We further have

(A7) = (A7) — (4)" = (AA)? (130)

2T prove this statement here only for the non-degenerate case.
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Furthermore,
[A, B] = [A—(A), B —(B)] = [4, B (131)
since the expectation values are just numbers.
Consider now the linear (non-Hermitian) operator

C =A+i)\B, (132)

where ) is a real constant. The adjoint operator is CT = A —iAB (recall that both A and B
are Hermitian), and thus the expectation value of CC' is real and non-negative, since

<C’CT) = <\P|CCT\\I/> = (C’T\IJ]C’T\IJ) > 0. (133)
We thus deduce that the expectation value of
((A+iAB)(A—iAB)) = (A + \*B% —i)\[A, B]) (134)

is both real and non-negative. Using Equations 134, 130 and 131, this means that the
function

fON) = (A% + N3(B?) —i)\([A, B]) = (AA)* + \*(AB)* — i\ ([A, B)]) (135)

is also real and non-negative. Therefore, ([A, B]) must be purely imaginary.

Be differentiating with respect to A, one finds the minimum of f(\) to be given for

A=y = %“([i’;]j. (136)
At A = ), the value of f()\) is
f(Xo) = (AA)? + i%. (137)
Since we know that f(Xo) > 0, we find that
(AAP(AB) 2 —1({[4, B))™ (139

Finally, since ([A, B]) is purely imaginary, Equation 129
1
AA-AB > H([4.B)|

follows, which completes the proof.
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Example. For two observables for which [A, B] = ih, we have ([A, B]) = ih and we
therefore deduce

AAAB > g‘ (139)
Specifically, we have
h h h
AzAp, > > AyAp, > > AzAp, > 5 (140)

where Az = [{(z — (2))*)]'/%,  Aps = [((p: — (p2))?)]"/2, ete.

8. Summary: basic postulates of quantum mechanics

Let us summarize the basic principles and postulates of quantum mechanics.

1. The state of a system is completely specified by a wave function ¢, or state
vector, |¢), which contain all the information that can be known about the
system. This function is, in general, complex. The interpretation of this
wave function is probabilistic.

2. Every measurable physical quantity is described by a Hermitian operator
A. The operator is called an observable.

3. The only possible result of a precise measurement of a physical quantity is
one of the eigenvalues of the corresponding observable A.

4. In a series of measurements of a variable A made in an ensemble of sys-
tems all having normalized state function |V), the expectation value of this

variable is
(A) = (V[A]D).

The probability of obtaining the (non-degenerated) eigenvalue a, is
P(an) = [(a|T) ],

where |¢,,) is the normalized eigenvector of A associated with the eigenvalue

(e

5. (Completeness): Any wavefunction can be expressed as a linear combina-
tion of the eigenfunctions of A, where A is an operator associated with a
dynamical variable (i.e., an observable).
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6. The temporal evolution of a state vector |¢) is governed by the Schrédinger equa-
tion,

L d -
ih— [¥(1)) = H()[¥)

where H is the Hamiltonian operator, which is the observable associated
with the total energy of the system.

Using Schrédinger equation, we can calculate the temporal evolution of the expectation
value of an operator. We have

d04) = L(p|Aw) = <%_31A\\11> n <xp|%y\p> n <\D\A %_f>
—L(AAN) + (W) + L(W]A|HY) (141)
= L(AH)+ (&

In particular, if the operator A does not depend explicitly on time, namely 0A/0t = 0,
we have

d 1 ~

—(A) = —([A, H]). 142

L4) = — (A7) (142
This means that if the operator A commutes with H (and dA/dt = 0), its expectation value
does not vary in time. We say that the observable A is a constant of motion.

Example. Consider a system in which the Hamiltonian is time-independent, OH Jot =
0. Using Bquation 142 with A = H, we see that d(H)/dt = 0. This implies that the
total energy is constant of the motion. This is the quantum mechanical analogue of energy
conservation in classical mechanics.

A. Appendix: important examples of representations.

We argued that for every wavefunction ¢ there corresponds a ket [¢) in the “state
space” of the system. In order to calculate the expectation values of the different observables,
we need first to define an orthonormal basis for this space. Here, I will demonstrate two
important examples of such bases: the {|r)} and {|p)} representations.

A.1. The {|r)} representation

Let us, for the moment, return to the description of wavefunction (7, t) as a function
of space and time (rather than ket vectors). Consider a set of functions {&z (7)}, which are
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labels by a continuous index 7. These are defined via

&ro () = 0 (7" = 70). (A1)

Thus, {& (7)} represent a set of delta functions, each centered at a point 7 of space. Obvi-

ously, each individual function &z (7) by itself is not square integrable, hence these functions

are not legitimate wave functions.?

On the other hand, every (legitimate) wave function ¢ (7) can be written as

w@#i/me%WW—ﬁﬁz/ﬁ%ﬂwm&dﬂ (A2)

Moreover, this expansion of the (arbitrary) wavefunction in terms of {{z (7)} is unique. For
this reason, despite the fact that &z (7) is not a legitimate wavefunction, we can look at the
set of delta functions {&z ()} as forming a basis for the wavefunction space.

—

Let us return now to Dirac notation. We denote the ket associated with &g (7) simply
by |F0>a
&y () <= |70)- (A3)

The set of ket vectors |7) form a (continuous) basis; it is known as the {|r)} representa-
tion.

In analogy to Equation A2, we have

rwszw%ww (A1)

where

() = (o) = / Bres, (P () = ¥(7) (A5)

where we used the fact that £ () = 6(7 — 75) = &z, (7).

3This statement follows directly from the properties of the J-function.

/ 57— 7o) F(P)dr = F(7o)

Use f(7) = 0(F —70), to get

&

which is not square integrable.
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Orthonormalization. Using the definition of the scalar product, let us calculate:

Gali) = [ @re e = [Eror- - =oG-)  (a0)
The {|ro)} basis is therefore orthonormal.

Closure. From Equations A4 and A5 above, it follows immediately that

/d37’0’770><77‘0’ =1 (A?)
These results prove that indeed the set {|rg)} form an orthonormal basis.

From Equation A5, it follows that the value ¢ (75) of any (arbitrary) wavefunction 1 at
the point 7 is simply the component of the ket [¢)) on the basis vector |rp) of the {|ro)}
representation (in short, it is often denoted simply as the {|r)} representation).

A.2. The {|p)} representation

We previously discussed functions of momentum. In the derivation, we used the Fourier
transform to write

. 1 +o0o . .
P(rt) = (rh)2 o (p, 1)e' P/ B, (A8)
and
, 1 N g 3
P(p,t) = (2rh)i Y(r,t)e d’r. (A9)

This naturally leads to the following idea: one can define a new function

L @i
V(7)) = ——=5¢€ . A10
p( _> (27Th) 3/2 ( )
The function vz(7) is a plane wave, with wave vector p/h. Similar to the function &z (7), each
function v;(7) is not square integrable, as |vz(7)|* diverges. Therefore, it cannot represent a
legitimate wave function.

However, similar to the set {{z (7)}, each legitimate wave function can be completely
written in terms of the set {vz(7)}. This follows directly from Equation A8, which can be

written as
—+oco

b(7t) = (' t)us(M)d’p. (A11)

—0o0

In Dirac notation, we write Equation A10 using

() <= |P), (A12)
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as

) = / &pe(F) ) (A13)

where
() = 710) = [ Erop)oi) = o7 (A14)
(see Equation A9).

Physically, Equation A1l proves that each wavefunction can be expanded in one (and
only one) way in terms of the plane waves vz(7).

Furthermore, it is easy to show that the plane waves are orthonormal:
* [ = — 1 i(p—p' )7 —
(plp’) = /d?’rvﬁ(r)vﬁ(r) = W /d3r6 (=p")/h — S(p—p) (A15)

Combining Equations A13, A14 and A15 further implies the closure of the set {vz(7)}.

A.3. Changing between the {|r)} and {|p)} representations

While this is part of a bigger question, let us use the example given above to demonstrate
how one can change between different bases. We know:

(Folp) = (plio)* = [ dr&y, (Fvp(r)
= gz J Pro(7 = r)eP T (A16)

1 _ip7o/h
Gape?

A given ket [1) is represented by (75|1) = (%) in the {|rg)} representation, and by (ply) =
¢(p) in the {|p)} representation (see Equations A5 and A14).

Given a representation of 1)) in the {|p)} representation, we can use the closure relation
of the {|p)} representation to write it in the {|7)} representation:

le) = [ @l i) = o [ o) (A17)

(2mh)

where we made use of Equations A16 and A14. But this is of course identical to the Fourier
transform in Equation AS8!.

Obviously, the inverse transform is also true.
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